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ABSTRACT: Zagreb indices are the parameters defined using sum and product of degrees of 

vertices, joining an edge, in a graph  The roots of this concept come from Chemical graph 

theory, in recent years lot of work is published on Zagreb indices of standard graphs and 

graph operations. In this paper we establish the relation for Zagreb indices of book graph and 

Stacked book graph with its component graphs and also find their corresponding 

polynomials. 
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1.1 INTRODUCTION 

The concepts of connectivity in Chemical Graph Theory, which define relationships 

between the structure of a molecule and its properties. One important parameter, topological 

index, which characterizes molecular graph and remain invariant under graph automorphism 

are called Zagreb Indices. These parameters introduced  by Gutman I  [5] are defined by 

using sum and product of degrees of vertices joining an edge.  

Consider a subset of E(G) denoted as Ea,b={(u,v) ϵ E(G) / d(u) = a and d(v) = b }.  

Partitioning the edge set E(G) into disjoint sets Ea,b with all possible choices of pairs a,b we 

can determine the Zagreb and hyper Zagreb indices and their corresponding polynomials for 

first and second kind. The Zagreb indices, hyper Zagreb indices and their corresponding 

polynomialswe use definitions given by Gutman [5]  stated as follows: 

𝑀1(𝐺) =    [dG u + dG (v)]

Euv ∈E(G )

       𝑀2 𝐺 =    [𝑑𝐺 𝑢 𝑑𝐺(𝑣)]

𝑢𝑣∈𝑉 𝐺 

 

𝐻𝑀1 𝐺   =   𝑑𝐺 𝑢 + 𝑑𝐺(𝑣 2

𝑢𝑣∈𝐸

    𝐻𝑀2 𝐺 =   𝑑𝐺 𝑢 𝑑𝐺 𝑣  
2

𝑢𝑣∈𝐸
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M1 G, 𝑥 =  𝑥[𝑑𝐺 𝑢 +𝑑𝐺(𝑣)]

𝑢𝑣∈𝐸(𝐺)

       𝑀2 𝐺, 𝑥 =  𝑥[𝑑𝐺 𝑢 𝑑𝐺 𝑣 ]

𝑢𝑣∈𝐸(𝐺)

 

𝐻𝑀1 𝐺, 𝑥 =  𝑥 𝑑𝐺 𝑢 +𝑑𝐺(𝑣) 2         

𝑢𝑣∈𝐸

𝐻M2 𝐺, x =  x dG  u dG (v) 2

uv∈E    

 

In this paper we present results for Zagreb indices, hyper Zagreb indices and their 

polynomials for product graphs 𝐵𝑚 , 𝐵𝑚,𝑛For simplicity of notation we write   dG u =

a and dG(v) = b, in all further proofs. 

2 ZAGREB INDICES FOR 𝑩𝒎 

 Book graph 𝐵𝑚  is the cross product of star 𝑆𝑚+1 and path  𝑃2. For 𝑚 ≥ 3, we 

have 𝑉 𝐵𝑚   = 2𝑚 + 2,  𝐸 𝐵𝑚   = 3𝑚 + 1. 𝐵𝑚  is a biregular graph with two possible 

vertex degrees 2 and 𝑚 + 1. We can partition 𝑉(𝐵𝑚) in to two disjoint subsets𝑉2 and 𝑉𝑚+1 as 

follows. 

𝑉2 =  𝑣 ∈ 𝑉 𝐵𝑚  /𝑑 𝑣 = 2 with  𝑉2 = 2𝑚 

𝑉𝑚+1 =  𝑣 ∈ 𝑉 𝐵𝑚   /𝑑 𝑣 = 𝑚 + 1   with 𝑉𝑚+1 = 2 

Next, the edge set 𝐸 𝐵𝑚 can be partitioned into three disjoint subsets based on the condition 

that incident vertices belong to 𝑉2 and 𝑉𝑚+1 as follows. 

𝐸2,2 =  𝑢𝑣 ∈ 𝐸 𝐵𝑚   ;  𝑢, 𝑣ϵ𝑉2 𝑤𝑖𝑡ℎ  𝐸2,2 = 𝑚 

𝐸2,𝑚+1 =  𝑢𝑣 ∈ 𝐸 𝐵𝑚  ;  𝑢ϵ𝑉2 , 𝑣ϵ𝑉𝑚+1  with   𝐸2,𝑚+1 = 2𝑚 

𝐸𝑚+1,𝑚+1 =  𝑢𝑣 ∈ 𝐸 𝐵𝑚  ;  𝑢, 𝑣ϵ𝑉𝑚+1  𝑤𝑖𝑡ℎ  𝐸𝑚+1,𝑚+1 = 1 

Theorem2.1: The first Zagreb indices and their polynomial for𝐵𝑚   are  

𝑀1 𝐵𝑚  = 2[(𝑚 + 3)2 − 8]       𝑤ℎ𝑒𝑟𝑒 𝑚 ≥ 3 

𝑀1 𝐵𝑚 , 𝑥 = 𝑚𝑥4 + 2𝑚𝑥𝑚+3 + 𝑥2𝑚+2   𝑤ℎ𝑒𝑟𝑒 𝑚 ≥ 3 

Proof: The first Zagreb indices of  𝐵𝑚are 

𝑀1(𝐵𝑚 ) =   [𝑎 + 𝑏

Euv ∈E G 

] =   𝑎 + 𝑏 

E2,2

+    [𝑎 + 𝑏]

Em +1,2

+    [𝑎 + 𝑏

Em +1,m +1

]

=  𝐸2,2 [2 + 2] +  𝐸2,𝑚+1 [𝑚 + 1 + 2] +  𝐸𝑚+1,𝑚+1 [𝑚 + 1 + 𝑚 + 1] 

= 2𝑚2 + 12𝑚 + 2 = 2[(𝑚 + 3)2 − 8]      

The first Zagreb polynomial of 𝐵𝑚  is 
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M1 Bm , 𝑥 =  𝑥𝑎+𝑏

𝑢𝑣∈𝐸 𝐺 

=  𝑥𝑎+𝑏

𝐸2,2

+  𝑥𝑎+𝑏

𝑬𝒎+𝟏,𝟐

+  𝑥𝑎+𝑏

𝑬𝒎+𝟏,𝒎+𝟏

 

 

=  𝐸2,2 𝑥
 2+2 +  𝐸2,𝑚+1 𝑥

 𝑚+1+2 +  𝐸𝑚+1,𝑚+1 𝑥
 𝑚+1+𝑚+1  

                             = 𝑚𝑥4 + 2𝑚𝑥𝑚+3 + 𝑥2𝑚+2∎ 

Theorem 2.2:  The second Zagreb indices and their polynomial for𝐵𝑚  are  

𝑀2 𝐵𝑚  = 5 𝑚 + 1 2 − 4   𝑤ℎ𝑒𝑟𝑒𝑚 ≥ 3 

𝑀2 𝐵𝑚 , 𝑥 = 𝑚𝑥4 + 2𝑚𝑥2 𝑚+1 + 𝑥 𝑚+1 2
𝑤ℎ𝑒𝑟𝑒𝑚 ≥ 3 

Proof: The second Zagreb indices for𝐵𝑚  is,  

𝑀2 𝐵𝑚  =  [𝑎. 𝑏]𝑢𝑣∈𝑉 𝐺 =    [𝑎. 𝑏]𝐸2,2
+    [𝑎. 𝑏]𝐸𝑚+1,2

 +     [𝑎. 𝑏]𝐸𝑚+1,𝑚+1
 

=  𝐸2,2 [2 × 2] +  𝐸2,𝑚+1 [(𝑚 + 1) × 2] +  𝐸𝑚+1,𝑚+1 [ 𝑚 + 1 2 

= 4𝑚 + 4𝑚2 + 4𝑚 + 𝑚2 + 2𝑚 + 1 = 5𝑚2 + 10𝑚 + 1 = 5(𝑚 + 1)2 − 4 

Next second Zagreb polynomial for 𝐵𝑚   is 

𝑀2 𝐵𝑚 , 𝑥 =  𝑥[𝑎.𝑏]

𝑢𝑣∈𝐸(𝐺)

=  𝑥[𝑎.𝑏]

𝐸2,2

+  𝑥[𝑎.𝑏]

𝐸𝑚+1,2

+  𝑥[𝑎.𝑏]

𝐸𝑚+1,𝑚+1

 

                                         = 𝑚𝑥 2×2 + 2𝑚𝑥  𝑚+1 ×2 + 𝑥  𝑚+1 × 𝑚+1   

                                        = 𝑚𝑥4 + 2𝑚𝑥2 𝑚+1 + 𝑥 𝑚+1 2
∎ 

Theorem 2.3 : The first hyper-Zagreb indices and their polynomial of 𝐵𝑚  are  

𝐻𝑀1 𝐵𝑚 = 2𝑚  𝑚 + 4 2 + 5 + 4  𝑤ℎ𝑒𝑟𝑒 𝑚 ≥ 3 

𝐻𝑀1 𝐵𝑚 , 𝑥  = 𝑚𝑥16 + 2𝑚𝑥 𝑚+3 2 +  𝑥 2 𝑚+1  2  

Proof:  First hyper Zagreb indices for 𝐵𝑚  is  

𝐻𝑀1 𝐵𝑚    =   𝑎 + 𝑏 2
𝑢𝑣∈𝐸 =   𝑎 + 𝑏 2

𝐸2,2
+   𝑎 + 𝑏 2

𝐸𝑚+1,2
+   𝑎 + 𝑏 2

𝐸𝑚+1,𝑚+1
            

.                              = 𝑚 2 + 2 2 + 2𝑚 𝑚 + 1 + 2 2 + 1 𝑚 + 1 + 𝑚 + 1 2 

                                   = 2𝑚3 + 16𝑚2 + 42𝑚 + 4𝐻𝑀1 𝐵𝑚   

                                   = 2𝑚  𝑚 + 4 2 + 5 + 4   

Now the first hyper-Zagreb-polynomial for 𝐵𝑚 is 

𝐻𝑀1 𝐵𝑚 , 𝑥 =  𝑥 𝑎+𝑏 2

𝑢𝑣∈𝐸

=  𝑥 𝑎+𝑏 2

𝐸2,2

+  𝑥 𝑎+𝑏 2

𝐸2,𝑚+1

+   𝑥 𝑎+𝑏 2

𝐸𝑚+1,𝑚+1

                           

= 𝑚𝑥 2+2 2 + 2𝑚𝑥 𝑚+1+2 2 + 𝑥 𝑚+1+𝑚+1 2  
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𝐻𝑀1 𝐵𝑚 , 𝑥  = 𝑚𝑥16 + 2𝑚𝑥 𝑚+3 2 +  𝑥 2 𝑚+1  2∎ 

Theorem 2.4:The second hyper-Zagreb indices and polynomial of𝐵𝑚 for 𝑚 ≥ 3 is 

𝐻𝑀2 𝐵𝑚  =   𝑚 + 1 2 + 4𝑚 2 − 16𝑚 𝑚 − 1  

𝐻𝑀2 𝐵𝑚 , 𝑥 = 𝑚𝑥16 +  2𝑚𝑥 2 𝑚+1  
2

+  𝑥 𝑚+1 4
 

Proof: The second hyper Zagreb indices of 𝐵𝑚 for 𝑚 ≥ 3 is 

𝐻𝑀2 𝐵𝑚  =   𝑎. 𝑏 2

𝑢𝑣∈𝐸

=   𝑎. 𝑏 2

𝐸2,2

+   𝑎. 𝑏 2

𝐸2,𝑚+1

+   𝑎. 𝑏 2

𝐸𝑚+1,𝑚+1

 

                 = 𝑚 2 × 2 2 + 2𝑚  𝑚 + 1 × 2 2 +   𝑚 + 1 × (𝑚 + 1) 2 

                                     = 𝑚4 + 12𝑚3 + 22𝑚2 + 28𝑚 + 1 

                 𝐻𝑀2 𝐵𝑚  =   𝑚 + 1 2 + 4𝑚 2 − 16𝑚 𝑚 − 1  

Now, second hyper-Zagreb polynomial of 𝐵𝑚 for 𝑚 ≥ 3 is 

𝐻M2 Bm , x =  x 𝑎.𝑏 2

uv∈E

  =  x 𝑎.𝑏 2

E2,2

+  x a.b 2

Em +1,2

 +  x 𝑎.𝑏 2

Em +1,m +1

 

= 𝑚𝑥 2×2 2 + 2𝑚𝑥  𝑚+1 ×2 2 + 𝑥  𝑚+1 × 𝑚+1  2  

                                    = 𝑚𝑥16 +  2𝑚𝑥(2(𝑚+1))2
+  𝑥(𝑚+1)4

∎ 

3 Zagreb indices for 𝑩𝒎,𝒏 

 The graph𝐵𝑚,𝑛  is the cross product of 𝑆𝑚+1 and path𝑃𝑛  for𝑚 ≥ 3 and 𝑛 ≥ 2, with the 

number of vertices  𝑉(𝐵𝑚,𝑛) = 𝑚𝑛 + 𝑛and     edges  𝐸 𝐵𝑚,𝑛  = 2mn −  m + n − 1.  We 

can partition 𝑉(𝐵𝑚,𝑛) in to four disjoint subsets 𝑉2 , 𝑉3 , 𝑉𝑚+1and 𝑉𝑚+2 as  

𝑉2 =  𝑣 ∈ 𝑉 𝐵𝑚,𝑛 ;  𝑑 𝑣 = 2 ;  𝑉2 = 2𝑚 
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𝑉3 =  𝑣 ∈ 𝑉 𝐵𝑚,𝑛 ;   𝑑 𝑣 = 3 ;  𝑉3 = 𝑚(𝑛 − 2) 

𝑉𝑚+1 =  𝑣 ∈ 𝑉 𝐵𝑚,𝑛 ;   𝑑 𝑣 = 𝑚 + 1 ;  𝑉𝑚+1 = 2 

𝑉𝑚+2 =  𝑣 ∈ 𝑉 𝐵𝑚,𝑛 ;   𝑑 𝑣 = 𝑚 + 2 ;  𝑉𝑚+2 = 𝑛 − 2 

Next, the edge set 𝐸 𝐵𝑚,𝑛  can be partitioned into six disjoint subsets based on the degree of 

incident vertices as follows : 

𝐸2,3 = {𝑢𝑣 ∈ 𝐸 𝐵𝑚  ;  𝑢  ϵ  𝑉2, 𝑣  ϵ  𝑉3};  𝐸2,3 = 2𝑚 

𝐸2,𝑚+1 = {𝑢𝑣 ∈ 𝐸 𝐵𝑚  ;  𝑢  ϵ  𝑉2 , 𝑣  ϵ  𝑉𝑚+1};   𝐸2,𝑚+1 = 2𝑚 

𝐸𝑚+1,𝑚+2 =  𝑢𝑣 ∈ 𝐸 𝐵𝑚  ;  𝑢  ϵ  𝑉𝑚+1, 𝑣  ϵ  𝑉𝑚+2 ;   𝐸𝑚+1,𝑚+2 = 2 

𝐸3,𝑚+2 =  𝑢𝑣 ∈ 𝐸 𝐵𝑚  ;  𝑢  ϵ  𝑉3 , 𝑣  ϵ  𝑉𝑚+2 ;   𝐸3,𝑚+2 = 𝑚(𝑛 − 2) 

𝐸3,3 = {𝑢𝑣 ∈ 𝐸 𝐵𝑚  ;  𝑢  ϵ  𝑉3 , 𝑣  ϵ  𝑉3};  𝐸3,3 = 𝑚(𝑛 − 3) 

𝐸𝑚+2,𝑚+2 = {𝑢𝑣 ∈ 𝐸 𝐵𝑚  ;  𝑢  ϵ  𝑉𝑚+2, 𝑣  ϵ  𝑉𝑚+2};   𝐸𝑚+2,𝑚+2 = 𝑛 − 3 

We observe that when 𝑛 = 3,  𝐸3,3 = 0  and  𝐸𝑚+2,𝑚+2 = 0 

Theorem 3.1:  The first Zagreb indices and their polynomial of 𝐵𝑚,𝑛  for  𝑚 ≥ 3 & 𝑛 ≥ 3 are,      

𝑀1 𝐵𝑚,𝑛 =  

𝑚 𝑚𝑛 + 13𝑛 − 14 + 2 2𝑛 − 3   𝑖𝑓𝑚 ≥ 3 𝑎𝑛𝑑 𝑛 > 3

𝑚2𝑛 + 5𝑚 𝑛 + 2 + 6          𝑖𝑓 𝑚 ≥ 3 𝑎𝑛𝑑 𝑛 = 3

  

𝑀1 𝐵𝑚,𝑛 , 𝑥 =

 
 

 
 𝑚𝑛 − 2𝑚 𝑥 𝑚+5 +  𝑛 − 3 𝑥2𝑚+4 + 2𝑚𝑥𝑚+3 + 2𝑥2𝑚+3 +

 𝑛 − 3 𝑚𝑥6 + 2𝑚𝑥5                                                                     𝑖𝑓 𝑛 > 3

 𝑚𝑛 − 2𝑚 𝑥 𝑚+5 + 2𝑚𝑥𝑚+3 + 2𝑥2𝑚+3 + 2𝑚𝑥5               𝑖𝑓 𝑛 = 3
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Proof: The first Zagreb indices of 𝐵𝑚,𝑛   is  

𝑴𝟏 𝑩𝒎,𝒏 =   𝒂 + 𝒃 

𝒖𝒗∈𝑬(𝑮)

=   𝒂 + 𝒃 

𝑬𝟐,𝟑

+   𝒂 + 𝒃 +   𝒂 + 𝒃 

𝑬𝒎+𝟏,𝒎+𝟐

+   𝒂 + 𝒃 

𝑬𝟑,𝒎+𝟐𝑬𝟐,𝒎+𝟏

 

+  𝒂 + 𝒃 

𝑬𝟑,𝟑

+   𝒂 + 𝒃 

𝑬𝒎+𝟐,𝒎+𝟐

 

= 2𝑚 2 + 3 + 2𝑚 2 + 𝑚 + 1 + 2 𝑚 + 1 + 𝑚 + 2 +  𝑚𝑛 − 2𝑚  

 𝟑 + 𝒎 + 𝟐 +  𝒏 − 𝟑 𝒎 𝟑 + 𝟑 +  𝒏 − 𝟑  𝒎 +   𝟐 + 𝒎 + 𝟐  

Case (i) if  𝑛 > 3  

𝑀1 𝐵𝑚,𝑛 = 𝑚 𝑚𝑛 + 13𝑛 − 14 + 2(2𝑛 − 3) 

Case (ii)   when 𝐧 = 𝟑 in equation (1), terms  𝐧 − 𝟑 𝟔𝐦and (n-3)  𝟐𝐦 + 𝟒  are equal to 

zero as 𝐄𝟑,𝟑 and 𝐄𝐦+𝟐,𝐦+𝟐has no edges giving, 

𝑀1 𝐵𝑚,𝑛 = 𝑚2𝑛 + 5𝑚 𝑛 + 2 + 6 

 

 

Now, the first Zagreb polynomial of Bm,n  is 

M1 Bm,n, x =  x 𝑎+𝑏 

uv∈E(G)

 

=  x[𝑎+𝑏]

E2,3

+  x a+b 

E2,m+1

+  x[𝑎+𝑏] +  x a+b + 

E3,m+2Em+1,m+2

 x[𝑎+𝑏] +   x a+b 

Em+2,m+2E3,3

 

= 2mx 2+3 + 2mx 2+m+1 + 2x m+1+m+2 +  mn − 2m x 3+m+2 +  n − 3 mx 3+3  

 + n − 3 x m+2+m+2  

Case (i)  𝑛 > 3 

M1 Bm,n, x =  mn − 2m x m+5 +  n − 3 x2m+4 + 2mxm+3 + 2x2m+3 +  n − 3 mx6 + 2mx5 
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Case (ii) when 𝑚 = 𝑛 in equation (2),  𝑛 − 3 𝑚𝑥6 and  n − 3 x(2m+4) become  zero, as E3,3 

and Em+2,m+2 have no edges, giving, 

M1 Bm,n, x =  mn − 2m x m+5 + 2mxm+3 + 2x2m+3 + 2mx5∎ 

Theorem 3.2:The second Zagreb indices and their polynomial of  𝐵𝑚,𝑛  for  𝑚 ≥ 3 & 𝑛 ≥ 3 

are,      

𝐌𝟐 𝐁𝐦,𝐧 =  
𝐦 𝟒𝐦𝐧 + 𝟏𝟗𝐧 − 𝟑𝐦− 𝟐𝟗 + 𝟒 𝐧 − 𝟐  𝐢𝐟 𝐦 ≥ 𝟑 𝐚𝐧𝐝 𝐧 > 𝟑

 𝐦 + 𝟐  𝟑𝐦𝐧 + 𝟐 + 𝟐 𝟓𝐦 + 𝟐   𝐢𝐟𝐦 ≥ 𝟑 𝐚𝐧𝐝 𝐧 = 𝟑

  

𝑀2 𝐵𝑚,𝑛 , 𝑥 =

 
 
 

 
 
 𝑛 − 3 𝑥 𝑚+2 2

+  𝑚𝑛 − 2𝑚 𝑥 3𝑚+6 + 2𝑚𝑥2 𝑚+1 +

+2𝑚𝑥6 +   𝑛 − 3 𝑚𝑥9𝑖𝑓 𝑚 ≥ 3 𝑎𝑛𝑑 𝑛 > 3

 𝑚𝑛 − 2𝑚 𝑥 3𝑚+6 + 2𝑚𝑥2 𝑚+1 + 2𝑥 𝑚
2+3𝑚+2 +

 2𝑚𝑥6𝑖𝑓 𝑚 ≥ 3 𝑎𝑛𝑑 𝑛 = 3

  

Proof :The second Zagreb indices of Bm,n are 

𝑀2 𝐵𝑚,𝑛 =   𝑎. 𝑏 =   𝑎. 𝑏 

𝐸2,3

+   𝑎. 𝑏 

𝐸2,𝑚+1

+   𝑎. 𝑏 

𝐸𝑚+1,𝑚+2

+   𝑎. 𝑏 

𝐸3,𝑚+2𝑢𝑣∈𝐸 𝐺 

 

+  𝑎. 𝑏 

𝐸3,3

+   𝑎. 𝑏 

𝐸𝑚+2,𝑚+2

 

                               = 2𝑚 2 × 3 + 2𝑚 2 ×  𝑚 + 1  + 2  𝑚 + 1 ×  𝑚 + 2  + 𝑚𝑛 − 2𝑚  

                                  + 𝒏 − 𝟑 𝒎 𝟑 × 𝟑 +  𝒏 − 𝟑   𝒎 + 𝟐 ×  𝒎 + 𝟐   

Case (i) 𝒏 > 3 
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𝑴𝟐 𝑩𝒎,𝒏 = 𝒎 𝟒𝒎𝒏 + 𝟏𝟗𝒏 − 𝟑𝒎− 𝟐𝟗 + 𝟒(𝒏 − 𝟐) 

Case (ii) 𝒏 = 𝟑 

Putting𝒏 = 𝟑 in equation (3), 𝒏 − 𝟑 𝟔𝒎 and  𝒏 − 𝟑  𝟐𝒎 + 𝟒 become zero giving. 

                              𝑀2 𝐵𝑚,𝑛 =  𝒎 + 𝟐  𝟑𝒎𝒏 + 𝟐 + 𝟐(𝟓𝒎 + 𝟐)  

 

Next second Zagreb polynomial for stacked book graph  Bm,n  is, 

𝑀2 𝐵𝑚,𝑛 , 𝑥 =  𝑥 𝑎.𝑏 

𝑢𝑣∈𝐸(𝐺)

=  𝑥 𝑎.𝑏 

𝐸2,3

+  𝑥 𝑎.𝑏 

𝐸2,𝑚+1

+  𝑥 𝑎.𝑏 

𝐸𝑚+1,𝑚+2

 

+  𝑥 𝑎.𝑏 

𝐸3,𝑚+2

+  𝑥 𝑎.𝑏 +  𝑥 𝑎.𝑏 

𝐸𝑚+2,𝑚+2𝐸3,3

 

                              

= 2𝑚𝑥 2×3 + 2𝑚𝑥 2× 𝑚+1  + 2𝑥  𝑚+1 × 𝑚+2  +   𝑚𝑛 − 2𝑚 𝑥 3× 𝑚+2     

+  𝑛 − 3 𝑚𝑥 3×3 +  (𝑛 − 3)𝑥[ 𝑚+2 × 𝑚+2 ] 

Case 1: 𝑛 > 3 

𝑀2 𝐵𝑚,𝑛 , 𝑥 =  𝑛 − 3 𝑥 𝑚+2 2
+  𝑚𝑛 − 2𝑚 𝑥 3𝑚+6 + 2𝑚𝑥2 𝑚+1  

+2𝑥 𝑚
2+3𝑚+2 + 2𝑚𝑥6 +    𝑛 − 3 𝑚𝑥9 

Case (ii) when n = 3 in above equation, n − 3 mx9and  n − 3 x(m+2)2
becomes Zero, as 

E3,3 and Em+2,m+2 has no edges, giving 

𝑀2 𝐵𝑚,𝑛 , 𝑥 =  𝑚𝑛 − 2𝑚 𝑥 3𝑚+6 + 2𝑚𝑥2(𝑚+1) + 2𝑥(𝑚2+3𝑚+2) +  2𝑚𝑥6∎ 

Theorem 3.3: The first hyper Zagreb indices and their polynomial of 𝐵𝑚,𝑛 𝑚 ≥ 3 𝑎𝑛𝑑 𝑛 ≥

3 are 
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𝐻𝑀1 𝐵𝑚,𝑛 =  
𝑚𝑛 𝑚2 + 14𝑚 + 77 − 𝑚 12𝑚 − 114 − 2 8𝑛 − 15  𝑖𝑓  𝑛 > 3 

𝑚  𝑚 + 5 2𝑛 + 42 + 18    𝑖𝑓 𝑛 = 3

  

 

𝑯𝑴𝟏 𝑩𝒎,𝒏, 𝒙 =

 
 
 

 
 𝟐𝒎𝒙𝟐𝟓 + 𝟐𝒎𝒙 𝒎+𝟑 𝟐 + 𝟐𝒙 𝟐𝒎+𝟑 𝟐 +  𝒎𝒏 − 𝟐𝒎 𝒙 𝒎+𝟓 𝟐

+𝒎 𝒏 − 𝟑 𝒙𝟑𝟔 +  𝒏 − 𝟑 𝒙 𝟐𝒎+𝟒 𝟐                                      𝒊𝒇 𝒏 > 3 

𝟐𝒎𝒙𝟐𝟓 + 𝟐𝒎𝒙 𝒎+𝟑 𝟐 + 𝟐𝒙 𝟐𝒎+𝟑 𝟐 +  𝒎𝒏 − 𝟐𝒎 𝒙 𝒎+𝟓 𝟐𝒊𝒇 𝒏 = 𝟑

  

 

Proof:  The first hyper Zagreb indices of  𝑩𝒎,𝒏 

𝑯𝑴𝟏 𝑩𝒎,𝒏 =   𝒂 + 𝒃 𝟐

𝒖𝒗∈𝑬(𝑮)

 

𝐻𝑀1 𝐵𝑚,𝑛 =   𝑎 + 𝑏 2

𝐸2,3

+   𝑎 + 𝑏 2

𝐸2,𝑚+1

+   𝑎 + 𝑏 2 +   𝑎 + 𝑏 2 +

𝐸3,𝑚+2𝐸𝑚+1,𝑚+2

 

  𝑎 + 𝑏 2

E3,3

+   a + b 2

Em +2,m +2

 

           =  2𝑚 2 + 3 2 + 2𝑚 2 + 𝑚 + 1 2 + 2 𝑚 + 1 + 𝑚 + 2 2 +  𝑚𝑛 − 2𝑚 [3 + 𝑚 + 2]2 

Case (i) :𝑛 > 3 

HM1 Bm,n = mn m2 + 14m + 77 − m 12m − 114 + 2(8n − 15) 

Case (ii) : when 𝑛 = 3 in equation (5),  𝑛 − 3 36𝑚and  n − 3  2𝑚 + 4 becomes zero as 

E3,3 and Em+2,m+2 has no edges, giving 

𝐻𝑀1 𝐵𝑚,𝑛 = 𝑚  𝑚 + 5 2𝑛 + 42 + 18 

Next first hyper Zagreb polynomial of   𝐵𝑚,𝑛  is,  
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𝐻𝑀1 𝐵𝑚,𝑛 , 𝑥 =  𝑥 𝑎+𝑏 2

𝑢𝑣∈𝐸 𝐺 

 

=  𝑥 𝑎+𝑏 2

𝐸2,3

+  𝑥 𝑎+𝑏 2

𝐸2,𝑚+1

+  𝑥 𝑎+𝑏 2 +

𝐸𝑚+1,𝑚+2

 𝑥 𝑎+𝑏 2 +

𝐸3,𝑚+2

 𝑥 𝑎+𝑏 2

𝐸3,3

 

         

+  𝑥 𝑎+𝑏 2

𝐸𝑚+2,𝑚+2

+   𝑥 𝑎+𝑏 2

𝐸𝑚+2,𝑚+2

 

  = 2𝑚𝑥 2+3 2 + 2𝑚𝑥 2+𝑚+1 2 + 2𝑥 𝑚+1+𝑚+2 2 +  𝑚𝑛 − 2𝑚 𝑥 3+𝑚+2 2 +    𝑛 − 3  

𝑚𝑥 3+3 2 +  𝑛 − 3 𝑥 2𝑚+4 2  

 Case (i)  𝒏 > 3 

𝐇𝐌𝟏 𝐁𝐦,𝐧, 𝐱 = 𝟐𝐦𝐱𝟐𝟓 + 𝟐𝐦𝐱 𝐦+𝟑 𝟐 + 𝟐𝐱 𝟐𝐦+𝟑 𝟐 +  𝐦𝐧 − 𝟐𝐦 𝐱 𝐦+𝟓 𝟐 + 𝐦 𝐧 − 𝟑 𝐱𝟑𝟔

+ 

                            + 𝐧 − 𝟑 𝐱 𝟐𝐦+𝟒 𝟐 

Case (ii) when 𝐧 = 𝟑 in equation (6)  𝐧 − 𝟑 𝐦 and  𝐧 − 𝟑  are equal to zero as 

𝑬𝟑,𝟑 and 𝑬𝒎+𝟐,𝒎+𝟐 has no edges                 

𝐻𝑀1 𝐵𝑚,𝑛 , 𝑥 == 2𝑚𝑥25 + 2𝑚𝑥(𝑚+3)2
+ 2𝑥(2𝑚+3)2

+ (𝑚𝑛 − 2𝑚)𝑥(𝑚+5)2
∎                              

 

Theorem 3.4:  The second hyper Zagreb indices and polynomial of 𝐵𝑚,𝑛 𝑚 ≥ 3 𝑎𝑛𝑑 𝑛 =

3 are  
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𝑯𝑴𝟐 𝑩𝒎,𝒏 =

 
 

 
𝒎𝒏 𝒎𝟑 + 𝟗𝒎𝟐 − 𝟏𝟐𝒎 + 𝟏𝟔𝟖 −𝒎 𝒎𝟑 − 𝟐𝒎𝟐 − 𝟒𝟐𝒎 + 𝟐𝟓𝟓 

+𝟖 𝟐𝒏 − 𝟓   𝒊𝒇 𝒏 > 3

𝟗𝒎𝒏 𝒎 + 𝟐 𝟐 + 𝟐𝒎 𝒎𝟑 + 𝒎𝟐 − 𝟏𝟓𝒎 + 𝟏𝟔 + 𝟖 𝒊𝒇 𝒏 = 𝟑

  

𝑯𝑴𝟐 𝑩𝒎,𝒏, 𝒙 =

 
  
 

  
 𝟐𝒎𝒙𝟑𝟔 + 𝟐𝒎𝒙 𝟐𝒎+𝟐) 𝟐 + 𝟐𝒙 𝒎

𝟐+𝟑𝒎+𝟐 
𝟐

+  𝒎𝒏 − 𝟐𝒎 𝒙 𝟑𝒎+𝟔 𝟐

+𝒎 𝒏 − 𝟑 𝒙𝟑𝟔 +  𝒏 − 𝟑 𝒙 𝒎
𝟐+𝟒𝒎+𝟒 

𝟐

  𝒊𝒇  𝒏 > 3

𝟐𝒎𝒙𝟑𝟔 + 𝟐𝒎𝒙 𝟐𝒎+𝟐) 𝟐 + 𝟐𝒙 𝒎
𝟐+𝟑𝒎+𝟐 

𝟐

+  𝒎𝒏 − 𝟐𝒎 𝒙 𝟑𝒎+𝟔 𝟐

𝒊𝒇 𝒏 = 𝟑

  

Proof:  The first hyper Zagreb indices of  𝑩𝒎,𝒏 is 

𝐻𝑀2 𝐵𝑚,𝑛 =   𝑎. 𝑏 2 =   𝑎. 𝑏 2

𝐸2,3

+   𝑎. 𝑏 2

𝐸2,𝑚+1

+

𝑢𝑣∈𝐸(𝐺)

  𝑎. 𝑏 2 +   𝑎. 𝑏 2

𝐸3,𝑚+2𝐸𝑚+1,𝑚+2

 

+  𝑎. 𝑏 2

𝐸3,3

+   𝑎. 𝑏 2

𝐸𝑚+2,𝑚+2

 

 

        = 2𝑚 2 × 3 2 + 2𝑚 2 ×  𝑚 + 1  2 + 2  𝑚 + 1 ×  𝑚 +  2  2 +  𝑚𝑛 − 2𝑚  
                 

                     3 ×  𝑚 + 2  
2

+  𝑛 −   3 𝑚 3 × 3 2 + (𝑛 −  3)[(𝑚 + 2) × (𝑚 + 2)]2 

  Case (i)  𝒏 > 3 

𝑯𝑴𝟐 𝑩𝒎,𝒏 = 𝒎𝟒𝒏 + 𝟏𝟕𝒎𝟑𝒏 + 𝟔𝟎𝒎𝟐𝒏 + 𝟏𝟒𝟗𝒎𝒏−𝒎𝟒 − 𝟐𝟐𝒎𝟑 − 𝟏𝟎𝟐𝒎𝟐 

                               −𝟑𝟎𝟕𝒎 + 𝟏𝟔𝒏 − 𝟒𝟎 

 Case (ii) when 𝑛 = 3 in equation (7)  𝑛 − 3 6𝑚 and  𝑛 − 3  2𝑚 + 4  

 are equal to zero as 𝐸3,3 and 𝐸𝑚+2,𝑚+2 has no edges 

 

𝐻𝑀2 𝐵𝑚,𝑛 = 9𝑚𝑛 𝑚 + 2 2 + 2𝑚 𝑚3 + 𝑚2 − 15𝑚 + 16 + 8 

 

Next second hyper Zagreb polynomial of 𝐵𝑚,𝑛  is  
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𝐻𝑀2 𝐵𝑚,𝑛 , 𝑥 =  𝑥 𝑎.𝑏 2

𝑢𝑣∈𝐸(𝐺)

 

 

=  𝒙 𝒂.𝒃 𝟐

𝑬𝟐,𝟑

+  𝒙 𝒂.𝒃 𝟐

𝑬𝟐,𝒎+𝟏

+  𝒙 𝒂.𝒃 𝟐

𝑬𝒎+𝟏,𝒎+𝟐

+  𝒙 𝒂.𝒃 𝟐

𝑬𝟑,𝒎+𝟐

+  𝒙 𝒂.𝒃 𝟐

𝑬𝟑,𝟑

+  𝒙 𝒂.𝒃 𝟐

𝑬𝒎+𝟐,𝒎+𝟐

 

= 𝟐𝒎𝒙 𝟐×𝟑 𝟐 + 𝟐𝒎𝒙 𝟐× 𝒎+𝟏  𝟐 + 𝟐𝒙  𝒎+𝟏 × 𝒎+𝟐  𝟐 +  𝒎𝒏 − 𝟐𝒎 𝒙 𝟑× 𝒎+𝟐  𝟐  

+   𝒏 − 𝟑 𝒎𝒙 𝟑+𝟑 𝟐 + (𝒏 −  𝟑)𝒙[(𝒎+𝟐)×(𝒎+𝟐)]𝟐 

 Case (i)𝑛 > 3 

HM2 Bm,n, x = 2mx36 + 2mx 2m+2) 2 + 2x m
2+3m+2 

2

+  mn − 2m x 3m+6 2 

+m n − 3 x36 + (n − 3)x(m2+4m+4)2
 

Case (ii) when n = 3 in equation (8), n − 3 6m and  n − 3  2m + 4 becomeszero as E3,3 and 

Em+2,m+2 has no edges, giving 

HM2 Bm,n, x = 2mx36 + 2mx 2m+2) 2 + 2x m
2+3m+2 

2

+  mn − 2m x 3m+6 2 

4 Results : 

In the paper of Cangul et al [8] have given values for M1, M2 and we found the results for 

hyper Zagreb indices for star and path graph as given below : 

Sl.no Zagreab Sm+1 Pn 

1 
M1 m

2
+ m 4n – 6 

2 
M2 m

2
 4n-8 

3 
HM1 m(m+1)

2
 8(2n-3) 

4 
HM2 m

3
 16n-30 
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Expressing the results for product graphs in terms of their component graph parameters we 

observe that  

1. 𝒊𝒇𝒎 ≥ 𝟑 𝒂𝒏𝒅 𝒏 > 𝟑 

𝑴𝟏 𝑩𝒎,𝒏 = 𝒎 𝒎𝒏 + 𝟏𝟑𝒏 − 𝟏𝟒 + 𝟐 𝟐𝒏 − 𝟑  

                                                               = 𝐧 𝐦𝟐 + 𝐦 +  𝟑𝐦 + 𝟏  𝟒𝐧 − 𝟔 + 𝟒  

                                             = 𝐧 𝐌𝟏 𝐒𝐦+𝟏 +  𝟑𝐦 + 𝟏 𝐌𝟏 𝐏𝐧 + 𝟒𝐦 

𝑯𝑴𝟐 𝑩𝒎,𝒏 = 𝒎𝒏 𝒎𝟑 + 𝟗𝒎𝟐 − 𝟏𝟐𝒎 + 𝟏𝟔𝟖 −𝒎 𝒎𝟑 − 𝟐𝒎𝟐 − 𝟒𝟐𝒎 + 𝟐𝟓𝟓 + 

+𝟖 𝟐𝒏 − 𝟓                           

= 𝒎𝟑 𝒎𝒏 + 𝟗𝒏 −𝒎 + 𝟐 +  𝟏𝟎𝒎 + 𝟏  𝟏𝟔𝒏 − 𝟑𝟎 + 𝟖𝒏 + 𝟑𝟓 

                                   =  𝒎𝒏 + 𝟗𝒏 −𝒎 + 𝟐  𝐇𝐌𝟐 𝐒𝐦+𝟏 + (10m+1)𝐇𝐌𝟐 𝐏𝐧 + 𝟖𝒏 + 𝟑𝟓 
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𝟐. 𝒊𝒇 𝒎 ≥ 𝟑 𝒂𝒏𝒅 𝒏 = 𝟑 

𝑴𝟏 𝑩𝒎,𝒏 = 𝒎𝟐𝒏 + 𝟓𝒎 𝒏 + 𝟐 + 𝟔 = 𝐧 𝐦𝟐 + 𝐦 + 𝐦 𝟒𝐧 − 𝟔 + 𝟏𝟔𝐦 + 𝟔 

                        = 𝐧 𝐌𝟏 𝐒𝐦+𝟏 + (𝐦 + 𝟏) 𝐌𝟏 𝐏𝐧 + 𝟏𝟔𝐦                

𝐌𝟐 𝐁𝐦,𝐧 =  𝐦 + 𝟐  𝟑𝐦𝐧 + 𝟐 + 𝟐 𝟓𝐦 + 𝟐  

                 = 𝟑𝒏𝒎𝟐 +
𝟑𝒎

𝟐
 𝟒𝒏 − 𝟖 + 𝟖 𝟑𝒎 + 𝟏  

                  = 𝟑𝒏𝐌𝟐 𝐒𝐦+𝟏 +
𝟑𝒎

𝟐
𝐌𝟐 𝐏𝐧 + 𝟖(𝟑𝒎 + 𝟏) 

𝑯𝑴𝟏 𝑩𝒎,𝒏 = 𝐦  𝐦 + 𝟓 𝟐𝐧 + 𝟒𝟐 + 𝟏𝟖 

  = 𝐧𝐦 𝐦 + 𝟏 𝟐 + 𝐦 𝟏𝟔𝐧 − 𝟐𝟒 + 𝟖𝐦𝟐𝐧 + 𝟖𝒎𝒏 + 𝟔𝟔𝒎 + 𝟏𝟖 

 

= 𝐧 𝐇𝐌𝟏 𝐒𝐦+𝟏 + 𝒎𝐇𝐌𝟏 𝐏𝐧 + 𝟖𝐦𝟐𝐧 + 𝟖𝒎𝒏 + 𝟔𝟔𝒎 + 𝟏𝟖 

      𝟗𝒎𝒏 𝒎 + 𝟐 𝟐 + 𝟐𝒎 𝒎𝟑 + 𝒎𝟐 − 𝟏𝟓𝒎 + 𝟏𝟔 + 𝟖 

𝑯𝑴𝟐 𝑩𝒎,𝒏 = 𝟗𝐦𝐧 𝐦 + 𝟐 𝟐 + 𝟐𝐦 𝐦𝟑 + 𝐦𝟐 − 𝟏𝟓𝐦 + 𝟏𝟔  

           = 𝐦𝟑 𝟗𝐧 + 𝟐𝐦 + 𝟐 +  𝟏𝟔𝐧 − 𝟑𝟎  
𝟗

𝟒
𝐦 (𝐦 + 𝟏) −

𝟏𝟒𝟒

𝟒
𝐦𝟐 +

𝟏𝟏𝟗

𝟒
𝐦 + 𝟖 

            =  𝟗𝒏 + 𝟐𝒎 + 𝟐  𝐇𝐌𝟐 𝐒𝐦+𝟏 + 
𝟗

𝟒
𝒎 (𝐦 + 𝟏)𝐇𝐌𝟐 𝐏𝐧  

                        −
𝟏𝟒𝟒

𝟒
𝒎𝟐 +

𝟏𝟏𝟗

𝟒
𝒎 + 𝟖    

5 Conclusion: 

Thus,from above results we can conclude the Zagreb indices of product graph 𝑩𝒎,𝒏with 

respective Zagreb indices of its factor graphs satisfy Vizing conjecture like results, where𝜶  

represents various Zagreb indices 
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𝛼 𝐵𝑚,𝑛 = 𝛼 Sm+1  × Pn  ≥ |V 𝑃𝑛 | 𝛼 Sm+1 + |V 𝑆𝑚+1 | 𝛼 Pn  
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