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ABSTRACT: Zagreb indices are the parameters defined using sum and product of degrees of
vertices, joining an edge, in a graph The roots of this concept come from Chemical graph
theory, in recent years lot of work is published on Zagreb indices of standard graphs and
graph operations. In this paper we establish the relation for Zagreb indices of book graph and
Stacked book graph with its component graphs and also find their corresponding
polynomials.
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1.1 INTRODUCTION

The concepts of connectivity in Chemical Graph Theory, which define relationships
between the structure of a molecule and its properties. One important parameter, topological
index, which characterizes molecular graph and remain invariant under graph automorphism
are called Zagreb Indices. These parameters introduced by Gutman | [5] are defined by
using sum and product of degrees of vertices joining an edge.

Consider a subset of E(G) denoted as Eap={(u,v) € E(G) / d(u) = a and d(v) = b }.
Partitioning the edge set E(G) into disjoint sets E,p with all possible choices of pairs a,b we
can determine the Zagreb and hyper Zagreb indices and their corresponding polynomials for
first and second kind. The Zagreb indices, hyper Zagreb indices and their corresponding

polynomialswe use definitions given by Gutman [5] stated as follows:

M@= ) @+ M@= > [d@ds()]

EuweE@) uw eV (G)
HM(G) = ) [de() +de HM>(6) = ) [de (s’
uveEr uv€EE
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M, (G, x) = z Klde@Hds®] Mo (G, x) = z ld W )]

uv€E(G) uv€E(G)
HM,(G,x) = Z xlde W +dg )] HM,(G,x) = Z lde (Wdg (V)12
uvekE uv €E

In this paper we present results for Zagreb indices, hyper Zagreb indices and their
polynomials for product graphs B,,, B, ,For simplicity of notation we write dg(u) =

a and dg(v) = b, in all further proofs.
2 ZAGREB INDICES FOR B,,

Book graph B,, is the cross product of star S,,,; and path P,. For m > 3, we
have|V(B,,)| = 2m + 2, |E(B,,)| = 3m + 1. B,, is a biregular graph with two possible
vertex degrees 2 and m + 1. We can partition V(B,,) in to two disjoint subsetsV, and V,,,,; as
follows.

V, ={v e V(B,,) /d(v) = 2}with |[V;| = 2m
Vi1 = v €V(By) /d(v) =m+ 1} with|V,, | = 2
Next, the edge set E (B,, )can be partitioned into three disjoint subsets based on the condition
that incident vertices belong to V, and V,,, ;4 as follows.
Ey, = {uv € E(B,) ; uw,veVy}with |Ey,| =m
Eymi1 = {uv € E(By); ueVy, veVp, 1} with |Eppiq| = 2m
Epiimsr = {uv € E(Bp); w, vV 11} With |[Epyimaa| = 1
Theorem?2.1: The first Zagreb indices and their polynomial forB,, are

M{(B,) =2[(m+3)2—8] wherem =3

M;(B,,,x) = mx* + 2mx™"3 + x?™*2 wherem > 3
Proof: The first Zagreb indices of B,,are
M, (B,) = Z [a+ b] =Z[a+b]+ Z [a+ b] + z [a+ b]
EweE@G) Ezp Em+1.2 Em+1,m+1
= |Eya|[2 + 2] + |Eo s |[m + 1 + 2] + |Epyimas|[m + 1+ m + 1]
=2m?+12m+2 = 2[(m + 3)? — 8]

The first Zagreb polynomial of B,, is
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Ml(Bm:x) — Z x@th :Zxa+b + Z xa+b+ Z xatb

w€E(G) Ezp Emi12 Em+1m+1

— |E2‘2|x[2+2] + |E2,m+1|x[m+1+2] + |Em+1,m+1|x[m+1+m+1]

= mx* + 2mx™*3 4 x?mtl g
Theorem 2.2: The second Zagreb indices and their polynomial forB,, are

M,(B,,) = 5(m+ 1)? — 4 wherem >3
My(B,,,x) = mx* + 2mx2m+D 4 x 4Dy perem > 3
Proof: The second Zagreb indices forB,, is,
M;(By) = Xwev@la-b] = Xp,, [a.b]+2Xg,,,, [a-b]+Xg, .\, [a.b]
= |Ez2|[2 X 2] + |Ep s [[(m + 1) X 2] + |Epyq m 41 | [(m + 1)?
=4m+4m?* +4dm+m?> +2m+1=5m?* +10m+1=5(m+1)*> — 4

Next second Zagreb polynomial for B,, is

M, (B, x) = Z x[a.b]zzx[a-b]+ Z lab] | z lab]

uv€E(G) Ezp Em+12 Em+1im+1
— mx[2><2] + 2mx[(m+1)><2] + x[(m+1)><(m+1)]
= mx* + 2ma2mtD 4 x (1)’ g
Theorem 2.3 : The first hyper-Zagreb indices and their polynomial of B,, are
HM,(B,) = 2m[(m + 4)®> + 5] + 4 wherem > 3
HM,(B,,,x) = mx16 + 2mx[m+31° 4 x[2(m+1)?
Proof: First hyper Zagreb indices for B,, is
HM;(By) = Yuepla +b)* =3, ,la+b)* + %5, ,la+b +%p ., . [a+b]?
=m[2+2]?+2mm+1+2]?+1[m+1+m+1]?
=2m3 + 16m? + 42m + 4HM,(B,,)
=2m[(m+4)* +5] + 4
Now the first hyper-Zagreb-polynomial for B, is

HMy(By) = Y 2ot =y ol g N gloit g N o

uvekl Ez Eam+1 Em+1m+1

— mx[2+2]2 + 2mx[m+1+2]2 + x[m+1+m+1]2
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HM,(B,,,x) =mx!® + 2mxm+3 4 x2mm+D) g
Theorem 2.4:The second hyper-Zagreb indices and polynomial of B, for m > 3 is

HM,(B,) = [(m + 1)? + 4m]? — 16m(m — 1)

HM,(B,,,x) = mx1® + 2o (2m+1)? 4 m+D)?

Proof: The second hyper Zagreb indices of B,,form > 3 is

HM,(B,,) = Z [a.b]2 =Z[a.b]2 + Z [a.b]2 + Z [a.b]?

uvekE EZ Eym+1 Em+1,m+1
=m[2x2]?+2m[(m+1) x2]> + [(m + 1) X (m + 1)]?
=m*+12m3 +22m? +28m + 1
HM,(B,) = [(m + 1)? + 4m]? — 16m(m — 1)

Now, second hyper-Zagreb polynomial of B,,for m > 3 is

HM, (B, x) = Z bl :zx[a.b]2+ Z (labl? 4 Z (labP?
E

uv EE Ez» m+1,2 Em+1,m+1

= mx[2%2P 4 2 m+Dx2)? 4 [(m+Dx(m+1)]?

= mx16 4+ 2mx@m+D)? L x(miD)' g
3 Zagreb indices for B,;, ,,

The graphB,, ,, is the cross product of S, ;; and pathP, form > 3 and n > 2, with the
number of vertices |V (B, )| = mn +nand  edges |E(B,,)| =2mn— m+n—1. We

can partition V(B,, ,,) in to four disjoint subsets V, , V3 ,V,,,.1and V,,, 1, as

Vo, ={v €V(Bpnn,); dw) =2} V3| = 2m
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Vs ={veV(Bpn,); dw) =3}zl =mn—2)
Vi1 ={v €V(Bpn); dw) =m+ 1} Vil =2
Vimiz ={v €V(Bpn); dw) =m+ 2} Vil =n—2

Next, the edge set E(Bm,n) can be partitioned into six disjoint subsets based on the degree of

incident vertices as follows :

E,z3 ={uv € E(B,); u €V, v e V3}; |E2,3| =2m

Eypmy1 ={uv € E(Bp); u € Vo, v € Vi yy ), |E2,m+1| =2m

Emiimsz = U0 € E(Bp); u € Viyy, ¥ € Vipiodi |Emsimaa| = 2

Esmiz = {uv € E(Bp); u € V3,v € Vipyo}i |Ezmez| =mn—2)

Ess ={uv € E(B,); u € V3, v € V3}; |E3'3| =m(n—3)

Emtom+2 = {uv € E(By); u € Vi, V€ Vo |Em+2,m+2| =n-—-3

We observe that when n = 3, |E3 3| = 0 and |Epy2mi2| =0

Theorem 3.1: The first Zagreb indices and their polynomial of B,, ,, for m > 3 &n > 3 are,

m(mn+13n—14) +2(2n—-3) ifm >3 andn >3

Ml (Bm,n) =
m’n+5m(n+2)+6 ifm>3andn =3
(mn — 2m)xm+5] 4 (n — 3)x2m+* 4 2ma™m+3 4 2x2Mm+3 4
— 6 5 .
Ml(Bm,nfx) _ ) (n—=3)mx® + 2mx ifn>3
(mn — 2m)x™+5] 4 2mam*3 4 2x2m+3 4 2my® ifn=73
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Proof: The first Zagreb indices of B,,, ,, is

My(Bpy) = Z [a + b]

uveE(G)
=Z[a+b]+ Z [a + b] + Z [a+ b] + Z [a + b]
Ez3 E2m+1 Em+1m+2 E3m+2

+Z[a+b]+ Z [a+ b]

E33 Em+2m+2
=2m[2+3]+2m[2+m+1]+2[m+1+m+ 2]+ (mn—2m)
B+m+2]+(m—-3m[3+3]+(n—-3)[m+ 2+m+ 2]
Case(i)if n >3

My(B,, ) = m(mn + 13n — 14) + 2(2n — 3)

Case (ii) when n = 3 in equation (1), terms (n — 3)6mand (n-3) [2m + 4] are equal to

zero as E3 3 and Ey,» n,+2has no edges giving,

My(Bpn) =m?n+5m(n+2)+6

Now, the first Zagreb polynomial of B, , is

Ml(Bm,n’X)z 2 xla+b]

uveE(G)
:ZX[(H-b] N Z wlatb] 4 Z wla+h] 4 Z wla+b] 4 Zx[a+b] " Z wla+b]
Ez3 Exm+1 Em+1m+2 E3sm+2 Es3 Em+2m+2

= 2mx[2+3] + omx[2+m+1] + ox[m+1+m+2] + (mn — 2m)X[3+m+2] +(n— 3)mX[3+3]
+(n _ 3)X[m+2+m+2]
Case (i) n>3

My (B, X) = (mn — 2m)xIM] 4 (n — 3)x2M+4 4 2mx™+3 4 2x2™+3 4 (n — 3)mx® + 2mx®
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Case (ii) when m = n in equation (2), (n — 3)mx® and (n — 3)x@™*% hecome zero, as Ez3

and En,» m+2 have no edges, giving,

M1 (B, X) = (mn — 2m)xIM3] 4 2mxm+3 4+ 2243 4 omxS

Theorem 3.2:The second Zagreb indices and their polynomial of B, , for m >3 &n >3

are,

m(4mn+19n-3m—-29)+4(n—2)ifm>3andn > 3

OWE

(m+2)[3mn+2]+2(5m+2) ifm>3andn =3

((n — )xM+D? 4 (mn — 2m)xBm+6] 4 22D 4
+2mx®+ (n—3)mx’if m>3andn >3
My (B x) =
(mn — Zm)x[3m+6] + 2mx2m+D) 4 zx(m2+3m+2) +
2mx®if m =3 andn =3

Proof :The second Zagreb indices of B, , are

My(By,) = Z [a.b]=2ab+z [a.b] + Z ab]+2[ab

uwv€eE(G) Ez3 E2m+1 Em+1m+2 E3m+2
+ E a.b] + Z [a.b]
E3s Em+2m+2

=2m[2 X 3]+2m[2 X (m+ 1]+ 2[(m+ 1) X (m + 2)]+(mn — 2m)
+(n—-3m[3 x3]+(n—-3)[(m+2) x (m+ 2)]

Case (i)n >3
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M,(B,,,) = m(4mn + 19n — 3m — 29) + 4(n — 2)
Case (i)n =3
Puttingn = 3 in equation (3),(n — 3)ém and (n — 3)[2m + 4]become zero giving.

My(By,) = (m+2)[3mn + 2] + 2(5m + 2)

Next second Zagreb polynomial for stacked book graph By, , is,

Mz(Bm,n;x)= Z x[a.b] Z [a.b] + Z [a.b] + z ab]

weE(G) Ez3 E2m+1 Em+1m+2
E3m+2 E33 Em+2,m+2

— 2mx[23] 4 2mx[2X(n+D] 4 2x[n+DXm+D] L (i — 29m) xBx(m+2D)

+ (n— 3)mxB3 4+ (n — 3)x[(m+2)x(n+2)]
Casel:n>3
My (B, x) = (n — 3)x™ D 4 (mn — 2m)xBm+6l 4 2mx2m+D)
$2x(m*43m42) 4 21mx6 4 (0 — 3)mx?®

Case (i) when n = 3 in above equation,(n — 3)mx°and (n — 3)x(™+2’becomes Zero, as

E; 3 and E, 12 m+2 has no edges, giving
My (B n, %) = (mn — 2m)xBm+6] 4 2my2m+1) 4 gy (m*+3m+2) 4 oy

Theorem 3.3: The first hyper Zagreb indices and their polynomial of B, ,(m = 3 and n >

Jare
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mn(m? + 14m + 77) —m(12m — 114) — 2(8n — 15) if n >3

HM;(By,) =
m[(m+5)?n+42]+18 ifn=3
([ 2mx® + 2mx™+3)” 4 2x@m+3* 4 (mp — 2m) x5
_ 36 _ [2m+4)% ;
HMI(Bm,n'x) 24 +m(n—-3)x°°+ (n—3)x ifn>3

LmeZS + 2maxm+3? 4 2x@m3? 4 (mp — 2m)x™m’ifn =3

Proof: The first hyper Zagreb indices of B,

HM,(B,,,) = Z [a + b]?
uveE(G)

HMl(Bm,n)=Z[a+b]2+ Z [a + b]? + 2 [a + b]? + Z [a+b]2 +

Ez3 Erm+1 Em+1m+2 E3m+2
Z[a b2+ Z [a + b]2
E33 Em+2m+2

=2m2+3%+2m[2+m+ 1?2 +2[m+1+m+2]*> + (mn—2m)[3 + m + 2]?
Case (i) :n >3
HM; (By,n) = mn(m? + 14m + 77) — m(12m — 114) + 2(8n — 15)

Case (ii) : when n = 3 in equation (5), (n — 3)36mand (n — 3)[2m + 4]becomes zero as

Es 3 and E;, 15 42 has no edges, giving
HM,(B,,) = m[(m + 5)*n + 42] + 18

Next first hyper Zagreb polynomial of B, , is,
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HMl(Bm,n’x)z z xla+b]?

uv€eE(G)
— Z [a+b]? + Z [a+b]? + Z a+b]2 + Z x[a+b]2 _|_zx[a+b]2
Ez3 Erm+1 Em+1m+2 E3m+2 E33

n Z [a+b]? z lass]?

m+2 m+2 Em+2,m+2
— me[2+3]2 + 2mx[2+m+1] + 2x[m+1+m+2 + (mn— Zm)x [3+m+2]2 + (n—-3)
mx[3+3 + (Tl _ 3)x [2m +4]?
Case (i) n>3

HM; (Byy p, X) = 2mx25 + 2mx™+3” 4 2x@m+3)* 4 (mp — 2m)x™+5* 4 m(n — 3)x36

+
+(n — 3)x[2m+41?

Case (ii) when n = 3 in equation (6) (n — 3)m and (n — 3) are equal to zero as

E33and E,, .5 2 has no edges

HM;(Byn, x) == 2mx25 + 2mx(m+3” 4 2x@m+3)° 4 (mp — 2m)x(m+5)° m

Theorem 3.4: The second hyper Zagreb indices and polynomial of B,, ,(m = 3 and n =

3)are
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mn(m3 + 9m? — 12m + 168) — m(m3 — 2m? — 42m + 255)
+8(2n—-75) ifn> 3
HM,(Bp,) = ( ) i

Imn(m +2)? + 2m(m3 + m? - 15m+16) +8ifn=3

(2mx36 + 2mxl2m+2)1? 4 2 x[m? +3m+2 + (mn Zm)x [3m+6]2

+m(n — 3)x3% + (n — 3)x(™* +am+4)” if n>3
HM; (B x) =3
2mx36 + 2mx2m+2)? 4 2x[m 2+3m+2] + (mn — 2m)x[3m+61”

\ ifn=3

Proof: The first hyper Zagreb indices of B, ,, is

HM;(Byn) = Z [a.b]Z=Zab +Z [a.b]? + Z [a.b]? + Z:[ab2

uv€E(G) Ez3 Erm+1 Em+1m+2 E3m+2
+Z [a.b]? + z [a.b]?
E33 Em+2,m+2

=2m[2x 32 +2m2x (m+ D> +2[(m+ 1) x (m + 2)]* + (mn — 2m)
[3 % (m + 2)]2 +(m— 3)m[3x3]*+ (n— 3)[(m+2)x(m+2)]?

Case (i) n >3

HM,(B,,,) = m*n + 17m3n + 60m?n + 149mn — m* — 22m3 — 102m?
—307m + 16n — 40
Case (ii) when n = 3 in equation (7) (n — 3)6m and (n — 3)[2m + 4]

are equal to zero as E3 3 and E,, 5, +2 has no edges

HM, (B, ) = 9mn(m + 2)? + 2m(m3 + m? — 15m + 16) + 8

Next second hyper Zagreb polynomial of B, ,, is
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HMZ(Bm,an)z Z x[a.b]z

uweE(G)

g 3w Y

Ez3 E2m+1

m+1 m+2

3 m+2

ab] + z [a.b]? +z [a.b)? + z

m+2 m+2

= 2mx2531% 4 2mx(2xn+ D) 4 94 [(m+1)x(m+2)]> (mn — Zm)x[sx(m+2)]2

+ (n—3)mxB3+37% 4 (n— 3)x[(m+2)><(m+2)]2

Case (i)jn > 3

2
HMZ(Bm,n'X) = 2mx36 + 2mx[2m+2)]2 + 2X[m2+3m+2] + (mn _ 2m)x[3m+6]2

+m(n —3)x%*® + (n

_ ::),)X(m2+4m+4)2

Case (ii) when n = 3 in equation (8),(n — 3)6m and (n — 3)[2m + 4]becomeszero as E3 3 and

Em+2m+2 has no edges, giving

2
HMZ(Bm'n,X) = 2m)(36 + 2mx[2m+2)]2 + 2X[m2+3m+2] + (mn _ Zm)x[3m+6]2

4 Results :

In the paper of Cangul et al [8] have given values for M;, M, and we found the results for

hyper Zagreb indices for star and path graph as given below :

Sl.no Zagreab Sm+1 Pn
1 M, m?+ m 4n—6
2 M, m? 4n-8
3 HM, m(m+1) 8(2n-3)
4 HM, m° 16n-30
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Expressing the results for product graphs in terms of their component graph parameters we

observe that
1. ifm>3andn >3
M,(B,,,) = m(mn + 13n — 14) + 2(2n — 3)

=n(m?+m)+ Bm+1)(4n—6) + 4
=nM;(Sps1) + Gm + 1)M,(P,) + 4m

HM,(B,,,) = mn(m® + 9m? — 12m + 168) — m(m® — 2m? — 42m + 255) +

+8(2n —15)
=m3[mn+9n-m+ 2]+ (10m+ 1)(16n — 30) + 8n + 35

= [mn+9n —m + 2] HM, (S, 1)+ (10m+1)HM,(P,) + 8n + 35
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2.ifm>3andn=3
My(B,n) = m?’n+5m(m+2)+6 =n(m?+m)+m(4n—6) + 16m+ 6
=n Ml(Sm+1) + (m + 1) Ml(Pn) + 16m

M;(Bpn) = (m + 2)[3mn + 2] + 2(5m + 2)

= 3nm? +37"’(4n— 8) +8(3m + 1)

3m

HMy(B,,,) = m[(m + 5)*n + 42] + 18

= nm(m + 1)?> + m(16n — 24) + 8m?n + 8mn + 66m + 18

= n HM;(S,,+1) + mHM, (P,) + 8m?n + 8mn + 66m + 18
Imn(m + 2)? + 2m(m3 + m? —15m + 16) + 8
HM,(B,,,) = 9mn(m + 2)? + 2m(m? + m? — 15m + 16)

= m3[9n +2m + 2] + (16n - 30) [2m| (m + 1) - m? + 2m + 8

= [9n + 2m + 2] HMy(Spn1)+[3m| (m + 1)HM, (P,)

144 119
—Tmz +Tm + 8

5 Conclusion:

Thus,from above results we can conclude the Zagreb indices of product graph #,,,with
respective Zagreb indices of its factor graphs satisfy Vizing conjecture like results, wherea

represents various Zagreb indices
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a(Bm,n) = a(Sm+1 X Pn) 2 |V(Pn)| a(sm+1) + |V(Sm+1)| a(Pn)
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